Let M be a compact embedded submanifold with parallel mean curvature vector and positive Ricci curvature in the unit sphere S n+p (n ≥ 2, p ≥ 1). By using the Sobolev inequalities of P. Li (1980) to L p estimate for the square length σ of the second fundamental form and the norm of a tensor φ, related to the second fundamental form, we set up some rigidity theorems. Denote by σ p the L p norm of σ and H the constant mean curvature of M. It is shown that there is a constant C depending only on n, H, and k where (n − 1)k is the lower bound of Ricci curvature such that if σ n/2 < C, then M is a totally umbilic hypersurface in the sphere S n+1 .
Introduction.
Let M be an n-dimensional compact oriented submanifold embedded in the unit sphere S n+p (1) of the Euclidean space R n+p+1 . Inspiring the well-known results about minimal submanifolds due to Simons [7] , some authors [5, 6, 8] have considered the estimate by using L p norm of the geometric objects instead of pointwise to study the geometric property of submanifolds. Shen [6] has obtained some global pinching theorems for minimal hypersurfaces in sphere. As a natural generalization of minimal submanifold, the submanifold with parallel mean curvature vector is one of the problems which received a great amount of attention recent years. Attempts have been made to extend Shen's result to hypersurfaces with constant mean curvature H, but so far we know nothing is reached. Also, we notice that Alencar and do Carmo [1] study hypersurfaces with constant mean curvature H by using a significant method of introducing the tensor φ, related to H and to the second fundamental form. Along this direction, we will deal with the case of constant mean curvature and give some global pinching results. Furthermore, we successfully generalize these results to the case of submanifolds in sphere. By means of L p estimate for the norm of tensor φ and the square length σ of the second fundamental form, we prove the following global pinching theorems. 
where
2)
and the best Sobolev constant C 0 satisfies
In (2.4)
is the isoperimetric constant of M n where S takes all hypersurfaces of M, S divides M into two parts M 1 and M 2 , and Area(S) is the (n−1)-dimensional volume of S. Let
and M a compact submanifold isometrically immersed in S n+p (1) . We choose a local field of orthonormal frames 8) where where tr H α is the trace of the transformation H α . Then, the mean curvature H and the square length σ of the second fundamental form of M can be expressed as
If we choose e n+1 such that He n+1 = ξ, then 
We know from [9, page 80] that if M has parallel mean curvature normal vector, then the Laplacian of function |ψ| 2 satisfies the inequality
14)
Lemmas.
First of all, we set up a lower bound depending only on n, H, and k for k 1 and k 1 /k 2 in the Sobolev inequality (2.7) of Li [4] . (1) . Suppose that the Ricci curvature of M has a positive lower bound (n−1)k. Then, there is a positive constant C depending only on n, H, and k such that
where k 1 and k 2 are defined in (2.6).
Proof. Since M has positive Ricci curvature, a result due to Croke [3] shows that the inequality
holds for n ≥ 2, where d is the diameter of M and ω n is the volume of the unit sphere S n (1) . It follows from Myers theorem that d ≤ π/ √ k for a compact manifold whose Ricci curvature has positive lower bound (n − 1)k.
Then, we have where H is the constant mean curvature of M in S n+1 (1) . Therefore,
It derives from (3.3) that
Thus, 2 √ n − 1k 1 /n has a positive lower bound depending only on n, H, and k, so does 2 √ n − 1k 1 /k 2 . By a direct calculation from (2.6), (3.5), and (3.6), we can obtain the following constant which is only depending on n, H, and k:
Applying Lemma 3.1, we can prove the following lemma. (1) .
Proof. We define a linear map φ : 
Consider a quadratic form with the eigenvalues ±n/2 √ n − 1
Then, there is an orthogonal transformation ψ :
(3.14)
It follows from (2.7) that
where k 1 , k 2 have been defined in (2.6). Integrating both sides of (3.14) and applying (3.15) and the inequality σ |φ|
Suppose that
By integrating both sides of (3.14) and applying (3.18), we obtain that
If |φ| 2 ≠ 0, it follows from (3.17), (3.18), and (3.19) that In the case of n = 2, we have the following lemma. 
M is a totally umbilic surface.
Proof. When dim M = 2, it immediately follows from (3.9) that
and C 0 is the best Sobolev constant,
Because |∇|φ|| 2 ≤ |∇φ| 2 , integrating both sides of (3.21) and applying (3.22), we get
It follows from (3.21) that
If |φ| 2 ≠ 0 from (3.24), (3.25), and (3.27), we derive
This is a contradiction. We estimate the lower bound of the isoperimetric constant C 1 and the upper bound of the volume of M to obtain a lower bound of min{k 1 ,(2 + 2H
2 )k 1 /k 2 } which is only depending on H and k. We will make use of the same argument as Wang's in [8] . In fact, from (3.5) it is true that
(3.29)
It follows from (3.6) that
According to Gauss-Bonnet formula, we have 
This completes the proof of Lemma 3.3.
Proof of theorems
Proof of Theorem 1.1. Lemmas 3.2 and 3.3 imply that Theorems 1.1 and 1.2 hold when the codimension p = 1. Now, we need to consider the case of p > 1. By using the same argument as in estimating |φ| 2 satisfying (3.14) and (3.15) to |ψ| 2 in (2.14) with n > 2, we obtain that if
Since a minimal and totally umbilic hypersurface is totally geodesic, so these rigidity theorems can be treated as a direct generalization of Shen's results which dealt with the case of codimension p = 1 and mean curvature H = 0 [6] .
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